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>>: 

Abstract. We study the cubic defocusing Gross-Pitaevskii (GP) hierarchy 
in R^, and prove global well-posedness of solutions. In particular, we prove 
that positive semidefiniteness is preserved over time; so far, this property has 
' been known for special cases, including solutions obtained from the BBGKY 

hierarchy of an A^-body Schrodinger system a,s N ^ oo. Our approach uses 
a generalization of the latter in an auxiliary step, and removes a condition on 
the regularity of initial data used in |10| to derive the GP hierarchy from a 
• BBGKY hierarchy as ^- oo. 

■ 

1. Introduction 

The Gross-Pitacvskii (GP) hierarchy emerges in the hmit a.s N —> oo, via the 
, associated BBGKY hierarchy, from an A''-body Schrodinger equation describing an 

^ ' interacting Bose gas under Gross-Pitaevskii scahng. Factorized solutions of the GP 

. hierarchy are defined by the nonhnear Hartree equation (NLH) or the nonlinear 

' Schrodinger equation (NLS). Thereby, one obtains a rigorous derivation of those 

nonlinear dispersive PDE's, describing the mean field dynamics of a particle in a 
ly^ ' Bose-Einstein condensate. In this paper, we extend previous results proven in pUlIU] 

, on the global well-posedness of the Cauchy problem for the cubic GP hierarchy in 

CO ' dimension 3: We prove that solutions to the cubic defocusing GP hierarchy remain 

positive scmidcfinitc over time (this condition is assumed for the main result in [5] 
to hold), and we remove a condition on the regularity of initial data used in [lOj to 
derive the GP hierarchy from the BBGKY hierarchy as ^ oo. 

The derivation of mean field theories via the BBGKY hierarchy was first pre- 
, sented by Spohn in |38j . In a very influential series of works, Erdos, Schlein and 
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Yau have, in this framework, derived the cubic NLS and NLH in R'^, [181 [191 [20] , for 
a very broad class of systems. This problem is closely related to the study of Bose- 
Einstein condensation, where fundamental progress was made in recent years in the 
works of Lieb, Seiringer, and Yngvason, [2l [311 [32l [33] . An alternative approach to 
the proof of uniqueness for solutions of GP hierarchies was introduced by Klain- 
erman and Machedon in |30] . using techniques from nonlinear dispersive PDE's. 
This inspired a series of works by various authors using the Klainerman-Machedon 
framework [30], on the derivation of NLH and NLS, including Kirkpatrick-Schlein- 
Staffilani [H], T.Chen-Pavlovic [i [TO], X.Chen-Holmer [TO], and on the Cauchy 
problem for GP hierarchies, including T.Chen-Pavlovic and C-P-Tzirakis [3[8l[9], 
and X.Chen [TS] [HI [15] . Furthermore, the rate of convergence to mean field equa- 
tions has been investigated by Rodnianski and Schlein in [36], based on the ap- 
proach of Hepp [28], which led to many further developments, including works of 
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Grillakis-Machedon and G-M-Margetis [Ml EH EH ES] , and Lee-Li-Schlein [5]. For 
related works and other approaches to the derivation of NLH and NLS, see also 
[3 ini HZl mi EH E31 131] ■ A few more details are addressed in the discussion below. 

1.1. The Gross-Pitaevkii limit for Bose gases. Before we state our results, we 
give a brief summary of the derivation of the cubic NLS in R'^ based on the BBGKY 
hierarchy for a gas of interacting bosons proceeds along the following lines, following 

[HIillEQ]. 

1.1.1. From N-body Schrddinger to BBGKY hierarchy. We model N bosons in R** 
with a wave function $Ar G L^(M''^) that satisfies the A^-body Schrodinger equation 



idt^N = HN<i>N, (1.1) 
where the Hamiltonian Hn is the self-adjoint operator on L'^(E.'^'^) given by 

w 1 

i/Ar = ^(-A,J + - J2 Vm{x,~X,). (1.2) 

j=l i<i<]<N 



The potential Vn satisfies Vn{x) = N'^^V{N^x), where 1/ > is spherically sym- 
metric and sufficiently regular. The parameter (3 typically has values in (0, 1] (see 
the discussion below equation (|1.11|) ). 

According to Bose-Einstein statistics, $Ar is invariant under the permutation of 
particle variables, 

<^n{x^(1),X^^2},-;X^(N)) = '^n{xi,X2,-.,xn) Vtt G ^jv , (1.3) 

where Sn is the A'^-th symmetric group. We note that permutation symmetry (|1.3|) 
is preserved by the TV-body Schrodinger equation (jl.ip . 

Since the TV-body Schrodinger equation p.ip is linear and i/jv is self-adjoint, the 
global wcU-poscdness of solutions in L^(R''^) follows immediately. For 1 < k < N, 
one defines the density matrices 

7*2(*'£fe'£fc) — y ^w(<,£fc,£Ar_fc)«'w(i,£fc,£w-fe)c^£w-fe> 

where (^fc,x^_fc) e K""" x M'^^^-*^). 

It follows immediately from the definition that the property of admissibility holds, 

7S-Trfe+i(7t+'^), A: = 1,...,TV-1, (1.4) 

for 1 < fc < TV - 1, and that Tij^^^ = ||$Ar|||2(KdiV) = 1 for aU TV, and aU 
/c = 1,2,...,TV. 

Moreover, the operator on L^(R'^'') with integral kernel 7^'"^ is positive semidef- 
inite. 

It follows from the TV-body Schrodinger equation (|l.ip that 7$„ satisfies the 
Heisenberg equation 

ida^^{t) = [i77v,7i>jv(*)] : (1-5) 

which is explicitly given by 
ida<s>jv{t,Xj^,XN) (A^^ - A^^)7$„(i,^^,x^) (1.6) 

+ ^ iVN{x^-XJ)-VN{x',~x'J)]J^^{t,XJy,x;^). 
l<i<j<N 
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Accordingly, the fc-particle marginals satisfy the BBGKY hierarchy 

+ ^ E [VN{x,~xi)~VN{x',~x'j)]^i'l{t,Xk;x:k) (1-7) 



N 

l<i<j<k 

N-k 



N 



/ dxk+i[yN{xt - Xk+i) - Vn{,x[ - Xk+i)] (1. 

i=l 

7<E.„ ['t^^^.,Xk+i;x^.,Xk+i) 



where A^^ :~ Ylj=i ^Xj, and similarly for A^-j^. We note that the number of terms 

in (jl.7p is 0{jj-) — ?> 0, and the number of terms in (|1.8p is fc as — > oo. 

Accordingly, for fixed k, (|1.7p disappears in the limit N ^ oo described below, 
while (11.81) survives. 



1.1.2. Derivation of the GP from the BBGKY hierarchy. In [T1[T1[20], the authors 
consider asymptotically factorized initial data, and prove convergence in the weak-* 
topology on the space of marginal density matrices. By definition, asymptotically 
factorized initial data is approximately of the form 



k 

7rfefc;3iL) = n M^,)M^j) , (1-9) 

where 0o G H^{R'^''). In this case, they extract convergent subsequences 7^'^'' — 

7^'°^ as j — !• 00, for fc e N, and show that those satisfy the the infinite limiting 
hierarchy 

tda^'Ht,x,;x',) = - (A,^ - A,,Jj^''\t,x,;x',) (1.10) 

k 

+ «o 51 (^J.fc+i7^+') {t,2Lk;x:k), 

which is referred to as the Gross- Pitaevskii (GP) hierarchy. Here, 
(%fe+i7^-+i)(i,x,;x',) 

The coefficient kq is the scattering length if /? = 1 (see [19l [31] for the definition) , 
and kq = J V{x)dx if ;9 < 1 (corresponding to the Born approximation of the 
scattering length). For /3 < 1, the interaction term is obtained from the weak limit 
VAr(a;) KoS{x) in (|1.8p as A^ 00. The proof for the case /3 = 1 is much more 
difficult, and the derivation of the scattering length in this context is a breakthrough 
result obtained in [191 [18]. For notational convenience, we will mostly set kq = 1 
in the sequel. 

We emphasize the following key properties of solutions of the GP hierarchy that 
hold in the context of fTOlfTSl: 
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• Solutions of the GP hierarchy that are obtained from a hmit of asymptoti- 
caUy factorizing solutions to the BBGKY hierarchy (as in [HI [19]) inherit 
from the latter global in t existence of the solutions, and positive semidefi- 
niteness. 

• It preserves the property of admissibility, 

7^'=) =Trfc+i(7('=+i)), VfceN, (1.12) 

which is inherited from the system at finite A^. See Proposition I A. 1 1 in the 
appendix. 

• In [181 [m [20] , solutions of the GP hierarchy are studied in spaces of k- 
particle marginals {7(''') | ||7''^-' || (,i < oo} with norms 

||7(*^)||„» :=Tr(|5('=^")7^'^l), (1-13) 

where 

k 

^(fc.a) _ Y[{1 - A,J"/2(1 - A,- )"/2 . (1.14) 
J=l 

1.1.3. NLS from factorized solutions of GP. In the case of factorized initial data 
(|1.9p . one can easily verify that 

fc 

is a solution (referred to as a factorized solution) of the GP hierarchy (jl.lOp with 
Ko = 1, if 0(0 e i7^(M'*) solves the defocusing cubic NLS, 

idtcf>^^A^cf>+\(f>\^cf>, (1.15) 

for i G / C M, and 0(0) = 00^ H^{W^). It is in this sense that the NLS emerges 
as a mean field limit in the context of Bose-Einstein condensation. 

1.1.4. Uniqueness of solutions of GP hierarchies. The question of whether solu- 
tions to the GP hierarchy are unique is more difficult to answer. In [TBI HM 1^ . 
Erdos, Schlein and Yau proved uniqueness in the space {7^^) | ||7''^-' j| 1,1 < 00} using 
Feynman graph expansion methods. 

Subsequently, Klainerman and Machedon |30j found an alternative method for 
proving uniqueness in a space of density matrices defined by the Hilbert-Schmidt 
type Sobolev norms 

h^'-'llffi := ||^(''i)7^'^IU^(E3.xM3.) < 00. (1.16) 

While this is a different (strictly larger) space of marginal density matrices than 
the one considered by Erdos, Schlein, and Yau, [El [18], the authors of [30] impose 
an additional a priori condition on space-time norms of the form 

l|i?.;.+l7('-^^'L?,,,,,«^<C^ (1.17) 

for some arbitrary but finite C independent of fc. 

The authors of [30] proved uniqueness of solutions of the GP hierarchy (|1.10p in 
d = 3 using certain space-time bounds on density matrices and a reformulation of 
a combinatorial result in [HI [18] into a "board game" argument. This approach 
lead to a significant reduction of the complexity of the problem. 
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In the case c? = 2, Kirkpatrick, Schlein, and StafBlani were able to show that the 
a priori spacetime bound (|1.17p is satisfied for solutions of the cubic GP hierarchy 
derived from an A'^-body Schroedinger equation. The proof of their result made use 
of conservation of energy in the original A'^-body Schrodinger system, and related a 
priori if ^-bounds for the BBGKY hierarchy in the limit N ^ oo derived in [TSlllQ) . 
combined with a generalized Sobolev inequality for density matrices. 

1.2. Cauchy problem for GP hierarchies. The work at hand is closely related 
to the works of Chen-Pavlovic on the well-posedness of the GP hierarchy in [SJ [71 
1151 [TO], and C-P-Tzirakis in [TTllIl]- 

In [7|, spaces "H^ of sequences of marginal density matrices F £ x 
^dk^ were introduced, for ^ > 0, endowed with the norm 

l|r!l«= :=E^'II7*'MIh°, (1-18) 

fceN 

where 

h^'^IU" :=|15('='")7^'^I1l^(k-xk-) (1-19) 

is the norm (|1.16p considered in [3D]. If F G H^, then is an upper bound on the 
typical iJ"-energy per particle, |7]- Those spaces are equivalent to those considered 
by Klainerman and Machedon in f30| . 

The GP hierarchy can be compactly written in the form (setting kq ~ 1) 

idtT + A±T = BT, (1.20) 

with F(0) = Fq, where the components of AF and BY are termwise defined via 
(jl.lOp . see Section [2] for details. As in [7], we refer to a GP hierarchy as being 
cubic, quintic, focusing, or defocusing, according to the type of NLS obtained from 
factorizcd solutions. 

Local well-posedness was proven in [7] for the regularities of solutions 

r(i,oo) ifd = i 

a e a(d,p) J (I- 2(^,oo) if d>2and(d,p) ^ (3,2) (1.21) 
[[l,oo) if (d,p) = (3,2), 

where p ~ 2 for the cubic, and p ~ 4 for the quintic GP hierarchy. The result is 
obtained from a Picard fixed point argument, without any requirement on factor- 
ization. The parameter ^ > is determined by the initial condition, and it sets the 
energy scale of the given Cauchy problem. 

In [11], a conserved energy functional Ei{T{t)) — £'i(Fo) was identified, corre- 
sponding to the average energy per particle, together with virial identities on the 
level of GP hierarchies. This allowed to prove Glassey-type blowup for i^-critical 
and supercritical focusing GP hierarchies. Subsequently, in [9], an infinite family 
of multiplicative energy functionals was discovered that is conserved under time 
evolution. These conserved energy made possible to prove global wellposedness 
for subcritical defocusing GP hierarchies, and for subcritical focusing GP 
hierarchies, under the assumption that solutions remain positive semidefinite over 
time. 

In [8] , the existence of solutions to the GP hierarchy was proven in the Klainerman- 
Machedon type spaces without assuming the condition ()1.17|) used for the unique- 
ness. The proof employs a suitable truncation of the GP hierarchy (for which 
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existence of solutions can be easily obtained) and control of the limit where the 
truncation is removed. Generalizing this truncation method in |10| . Chen and 
Pavlovic proved that solutions of the iV-body Schrodinger equation converge to 
the solution of the GP hierarchy in the Klainerman-Machcdon type spaces used in 
IS El [2]: for values (3 E (0, 1/4). While no factorization of solutions was assumed, 
the specific case of factorizcd solutions yielded a new derivation of the cubic, defo- 
cusing nonlinear Schrodinger equation (NLS) in dimension d ~ 3. 

Recently, a derivation of the GP hierarchy in Klainerman-Machedon type spaces 
was given by X. Chen and J. Holmer in [TS], for values (3 G (0,2/3). Assuming 

that sup^ ll7w^'^llir(K)-y^(R^'"xR^'=) ^ satisfied by the solution to the A^-body 

Schrodinger system for all k £ N, with C independent of k, they prove that solu- 
tions to the BBGKY hierarchy tend to solutions of the GP hierarchy satisfying the 
Klainerman-Machedon condition (|1.17l) . See also [T5] . 

1.3. Main results of this paper. In our work, we prove that solutions to the 
cubic defocusing GP hierarchy in remain positive semidefinite over time if the 
initial data are positive semidefinite. This is the last ingredient needed for proving 
global well-posedness in H^. Indeed, global well-posedness was proven in [9] under 
the assumption that solutions remain positive semidefinite over time. 

As part of our proof, we truncate the initial data for the GP hierarchy after the A^- 
th entry, thus obtaining Fo.at. We then introduce an auxiliary A^-body Schrodinger 
system for which we show that solutions to the corresponding A^-BBGKY hierarchy 
with initial data Fq^at approach those of the GP hierarchy in C([0,T],H|) as A^ — > 
oo when the intial data is in Sj^, see p.6p . In [10], this convergence is obtained with 
initial data in 'H^'^^ , for an arbitrary, small S > extra regularity. In particular, 
we do not require that our initial density matrices are rank 1 operators. 



2. Definition of the model 

In this section, we introduce the mathematical model studied in this paper. 
Most notations and definitions are adopted from [7], where we refer for additional 
motivations and details. 

We consider the A"-boson Schrodinger equation 

N 

i9ti>jv = ( - ^ A,^. + - J2 VN{x,-xe))^N (2.1) 
j=i i<j<e<N 

on Lly^iR^^), with initial data $^(0) = $o,JV G Ll^^iR^^), where Lly„^(M.^^) 
is the subspace of L^(R'^^) that is invariant under permutations (|1.3p of the A^ 
particle variables. Here, we will take Vn{x) = N^^V{N^ x) for some < /3 < 1/4, 
and V £ S{M.^)\{0} is spherically symmetric and nonnegative. We note that we 
only use the A^-body Schrodinger equation as an auxiliary tool to prove a result 
about the GP hierarchy and do not benefit from considering potentials V outside 
of 5(R3). 

Let 
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We consider the spaces of sequences of marginal density matrices F = G 
0^1 i^(R^'' X R3fc) introduced in [7]. For brevity, we will write x^. := {xi, ■ ■ ■ , Xk), 
and similarly, ^J. := {x[, - ■ ■ , ccj^)- 

We call F symmetric if 'y^''\xk,x'i.) satisfies 

l^'^H^nii), ■■■,x^^k);x'^'{i),---,x'^'{k)) = J^''\xi,...,Xk;x[, ...,x'k) and (2.2) 
7^'\2Lk;3L'k)=l^'H3l'k;SLk) 

for all TT, tt' G S'fe and k G N. 

We say F is admissible if 7'^'^^ = Trk+ij'-'^^^^ , that is, 

7^'n3^;.;2fe) = j dxk+il^''+^\x^,Xk+ullk.^k+i) (2.3) 

for aU fc G N. 

We call F positive semidefinite if the operator on _L^(M'"^) with integral kernel 
7'^''^ is positive semidefinite for all k. 
Let < C < 1. We define 



:= { symmetric F G L^{R^'' x R^'') ||F||-h^ < 00 } (2.4) 
fc=i 
where 

00 



fc=i 



with 

h^'^'lk^ :=||5(^^")7^'^IIl^(e3.xE3.) (2.5) 

where ^(^^") n,ti(l - A,^)"/2(i _ A,,)"/^. 
We also make use of the the spaces 

00 

~ I symmetric F G L^{R^'' x R^'') ||F|| < 00 | (2.6) 

k=l 

where 

00 

I|r||.f3° = ^ C'^'ll 7'''''^ ll[i°(R3'=xR3'=) : 

with 

Ih^'^^U. :=Tr(|5(^^")7«|) 
that correspond to the spaces of solutions studied in [181 US • 

2.1. The GP hierarchy. We adopt the necessary notations and definitions for 
the GP hierarchy from 0. The cubic defocusing GP hierarchy is given by 

fe 

ida^"^ = J2 [-^-. ' ^^'^] + ^^05^+17''+'' (2.7) 

for fc G N. Here, kq ■= ||^||li(r3) > and 

Bk+i^'^^'^ = 5++i7('=+^^ - 5^+17^'=+^^ , (2.8) 
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where 

5^+17"=+^) =E^.Wl7^'^^^ (2.9) 

and 

S^i7^'=+^^-Es^.+i7^^+^ (2.10) 



with 



6{xj ~ xk+i)6{xj - 4+1)7^''"^^^ (^,a;i, . . .,xk+i;x[, . . . ,4+i)> 

and 

(B,^fc+i7''+'') (t,xi,...,xfc;x'i,...,x',) 
= J dxk+idx'k+i 

6{x'j - a;fc+i)(5(x^- - 4+i)7^''^^^ (^, . . .,Xk+i;x[, . . . ,4+i)- 
As stated in the introduetory seetion, we point out that for factorized initial data, 

fc 

7^''Ho;3Lk;s^k) = l[M^,)M^), (2.11) 

the corresponding solutions of the GP hierarchy remain factorized, 

k 

7^^) (i, xi, . . . , Xfe; x'l, . . . , x'J = n '/'(^: ^j) 4>{t, 4) ■ (2.12) 

if the corresponding 1-particle wave function satisfies the defocusing cubic NLS 

= -A(/) + Ko|0p0. 
The GP hierarchy can be rewritten in the following compact manner: 

idtV + A±r = Ko BY 

r(0)=ro, (2.13) 

where 

k 

A±r := ( A^')7(^) )feeN , with A^'^ = ^ (^-. " ' 

i=i 

and 

Br:={Bk+a^''+'^)km. (2.14) 
We will also use the notation 

i?+r:=(i?+^,7^'=+i))fe,N, 
i?-r:=(B-+,7<'+'')fceN. 
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We define the free evolution operator U (t) by 
where 

holds for the fc-th component. 

2.2. The BBGKY hierarchy. A similar compact notation for the cubic defocus- 
ing BBGKY hierarchy can be introduced as follows, [T^. We consider the cubic 
defocusing BBGKY hierarchy in R'^. 

3=1 l<j<k 



{N-k) 



E Trk+i[VN{x,-Xk+i),j^^+'\t)], (2.15) 



N 

i<j<k 

for fc = where we recall that VNix) = N^f^V{Nf^x) for < ^ < 1/4, 

and V £ S{M.^)\{0} spherically symmetric and nonnegative. We extend this finite 

(k) 

hierarchy trivially to an infinite hierarchy by adding the terms jj^ = for k > N. 
This will allow us to treat solutions of the BBGKY hierarchy on the same footing 
as solutions to the GP hierarchy. 

We next introduce the following compact notation for the BBGKY hierarchy. 

^da'-N^ = E[-A.,,7j.'^] + (BnTn)^"^ (2.16) 

(k) 

for k eN. Here, we have 7]^ = for A: > TV, and wc define 

f B^-^+il^N^'^ + B%T'^P if /c < TV 
{Bj.Tn)^'^^ := <^ (2.17) 
[0 if A: > TV. 

The interaction terms on the right hand side arc defined by 

Tjmain Tj+,main (k+1) jj— ,main (k+l) ("o 1 Q^ 

BN;k+llN - Bj^.j.^^ - «jv;fc+l In ' {'^■^^) 



and 



where 



and 



-nerrorik) rj+.error (k) error (fc) 1 

BN;k In - B^.i^ - B^.j^ 7^ , (2.19) 

7-)±.mam ^ ^ \ ^ T-iit, mam on\ 

BN;k+l ^N — -fc'Afjifc+l^Af > (2-20) 

J = l 



k 

fl±. error (k) ._ J_\^ T^±,error (k) n 
^N;k IN ■— ^ 2^ N:l,];k IN i l^-^-^J 

i<j 
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with 

= J dxk+iVNixj -Xk+iWN'^^\t^^i'---^^k,Xk+i;x[,...,x'i^,Xk+i) (2.22) 
and 

{Btf-Zj'-!k^P) it,xi,...,Xk]x[,...,x'k) 

= VAr(x, - Xj)7*''' {t,xi,...,Xk;x[,..., x'k) . (2.23) 

Moreover, 

(^^N-J-M+l^N ^) (^7 2^1, . ■ ■ , Xk', Xi, . . . , a; J.) 

= j dxk+iVN{x'j ~ Xk+iWN^^\t,xi, . . . ,Xk,Xk+i;x[, . . .,x'^,Xk+i). 

and 

{B^-ZTk^P) (i, a;i, . . . , Xfc; x'l, . . . , 4) 

= VAr(a;'; - x'j)-f^''\t,xi, . . .,Xk;x[, . . . ,x'j.) . 

This notation has the advantage that we can treat the BBGKY hierarchy and the 
GP hierarchy on the same footing. We remark that in aU of the above definitions, 
we have that B^!™"*", B^'.^J"^"^ , etc. are defined to be given by muhiphcation with 
zero tor k > N. 

Indeed, we can write the BBGKY hierarchy compactly in the form 

idtVN + A±rjv = BnTn 

rjv(0)eHf, (2.24) 

where 

A: 

A±rjv := ( A^±^lP )keN , with A^"' = ^ (a,^ ~ A,,) , 

and 

BnTn ■■= ( BN-k+il'}^^'^ )feGN . (2.25) 
In addition, we introduce the notation 

B^Tn := ( B^.j.+i7^'''^^ )fceN 

which will be convenient. 

2.3. Higher Order Energy Punctionals. As in [9], we define the higher order 
energy functionals 

(if (™))r(o := Tri,,^+i,2fe,+i...,(™-i)fc,+i(^^"^7^'"'''^(i)) (2-26) 
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for ^ e N, where 

^^:=^(l-A..,)Tr,+i + ii3++, 

if^™) KiKk^+i ■ ■ ■ A'(m_i)fcp+i. 

We recall that in |0, it is shown that these higher order energy functionals are 
conserved: 

Proposition 2.1. Suppose that F G is symmetric, admissible, and solves the 
GP hierarchy. Then, for all m g N, the higher order energy functionals (j2.26p are 
bounded and conserved, i.e. dt{K^™^)Y(t) = 0- 



3. Main Theorems and Proof Strategy 

In this section, we summarize the main results of this paper. For / C M, we 
denote by 

w^{i) := {F e c{i,n^) I B+r,B-r e Ll^Xi,n^)} , 

the space of local in time solutions of the GP hierarchy, with t E I, following [7]. 

Theorem 3.1. Suppose that Fq = {'^o'^}kLi S is positive semidefinite, admis- 
sible, and satisfies Tr7Q^'' = 1. Then, for < ^' < 1 and satisfying p.ip . there 
is a unique global solution F G yv|^ (K) to the cubic defocusing GP hierarchy (|2.7p 
in M.^ with initial data Fg. Moreover, T{t) is positive semidefinite and satisfies 

WmWui < l|rolk,i, 

for all t e R. 

To prove Theorem 13.11 above, we will first prove Theorem 13.21 below and then 
use energy conservation and an induction argument as in [9]. 

Theorem 3.2. Suppose that Fq = {7o'^^}fcjLi G is positive semidefinite, admis- 
sible, and satisfies Tr7Q^'' = 1. Then, for < ^' < 1 and ^ satisfying (|3.ip . and for 
< T < To(^) (see p.3p ]. there is a unique solution F G yV^([0,r]) to the cubic 
defocusing GP hierarchy (|2.7p in M'^ with initial data Fq. Moreover, T(t) is positive 
semidefinite for t Cz [0, T] . 

For the statement of these main theorem, we are using the following constants. 
Let 6i > be sufficiently small that Lemma ID. 21 is satisfied for all K, N such that 
K < bilogN, and let bo G (0, 6i). Throughout this paper, we will require that, 
given ^' > 0, the real constants ^ and satisfy 

^ < 7;min|ie-4/3/bo e-i2/?/6o| and 

< 6 < fi'^e < o'^c, 

where 9 := minjry, (1 + ^Csob)~'^^^}] the constant 77 > is defined in Lemma [0.21 
and Csob > is the constant in the trace Sobolev inequality 

dx\fix,x)\^y < Csob[ / dxidx2 |(V,,)(V,,)/(a;i,a;2)|')' (3.2) 
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for xi^2 e K"^, see [9]. This will ensure that and ^ are small enough so that the 
results of both [10] and [9] hold. 

For V E E+, wc define 

Toiiy) := z^Vco, (3.3) 
where the constant cq > is defined in Lemma ID. II 

3.1. Summary of the proof strategy for Theorem [3721 For local existence and 
uniqueness of F, sec [7] and Proposition IB. 31 The new result here is the positive 
semidefiniteness of F, which is necessary in order to prove Theorem 13. II The proof 
strategy will be to truncate the initial data by letting Fq^at = {1^ ^}^=! be the first 
N components of Fq. Then we will evolve Tq ^ with the BBGKY hierarchy to obtain 
T]\r{t). Once we show that Tff{t) is positive semidefinite, and that Fjv(f) F(t) 
as TV ^ oo, it will follow that F(t) is positive semidefinite. 

3.2. Convergence F^v F. Most of our work is devoted to proving that the 
solution Fjv of the iV-BBGKY hierarchy converges to the solution F of the GP 
hierarchy in the sense that 

Jim ||P<^(^)F^-FL.^^^^^„.=0, (3.4) 

where 

PkTn := (7«,...,7^'^\0,0,...) 

and 

bo log N < K{N) < hi log N 

for suitable constants &07 &i > 0- 

To prove p.4[) . we proceed as in (TU], but make changes in order to weaken the 
hypotheses, which is necessary for our argument to work. 

In (TU], it is shown that if the inital data Fq is in n\t\ and if Fat are solutions 
to the iV-BBGKY hierarchy such that 

Fo = lim Fo,w e nlt^ 

for some (5 > 0, and is a rank one operator on L^(M'*'^), then (|3.4p holds. 

In our work, we take the inital data Fq to be in the space and don't require 
the extra 5 amount of regularity. This is necessary for proving global well-posedness 
because energy conservation only provides a bound on the J^^, norm of the solution 

for a < 1. Moreover, we do not require 7o^^ to be rank 1. 

To achieve convergence, we take the constant /3 in the BBGKY hierarchy to be 
in (0, 1/4) as in [THI, but note that by using the method developed in a recent paper 
by X. Chen and J. Holmer jl^, /3 can be taken to be in the range (0, 2/3). 
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4. Proof of Local Postive Semidefiniteness of GP Hierarchy 

SOLUTIONS 

In this section, we prove Theorem 13.21 

4.1. Positive Semidefiniteness of BBGKY Hierarchy solutions. Our main 
resuh on the positive semidefiniteness of solutions to the GP hierarchy uses the 
foUowing property of solutions to the BBGKY hierarchy. 

Proposition 4.1. Suppose that ^' > and that T{),n ~ {ToItIs^i G Ti}^, is admis- 
sible and positive semidefinite. Then the solution TN{t) to the BBGKY hierarchy 
()2.15p is postive semidefinite for all t Cz R. 

Proof. Since is symmetric and Hilbert-Schmidt, it defines a compact self- 

adjoint operator on L^(R'^'^). Thus, the spectral theorem allows us to write 



7S(x^,xW) = E^^C^fe^)C(2W)> (4.1) 

where {'0o^''}j^i is an orthonormal basis for L^(M'^^). Xj > by the positive 
semidefiniteness of the the initial eondiation 7g^. Then, by the linearity of the 
BBGKY hierarchy and its equivalence to the iV-body Schrodinger equation p.ip . 
the unique evolution in C(R, ^^(RSfe x R3fe)) gjj ^^^^^ ^^le BBGKY hierarchy 
is given by 



7r(i,XAr,xW) =E^^-^f' (4.2) 

where ■(/'j^ solves the iV-body Schrodinger equation (|2.1[) with initial data V'o^''- 
(|4.2[) is a weighted sum of orthogonal projections, and hence positive semidefinite 
for each fixed t. It now follows from the definition p.3p of 7^' {t) that 7^' {t) is 
positive semidefinite. □ 

4.2. Local Well-Posedness of the BBGKY Hierarchy in Taking 3 = 
in Lemma 4.1 of [TU] gives us local well-posedness of the iiT-truncated A^-BBGKY 
hierarchy: 

Lemma 4.2. Let K <hi logiV, where the constant hi > Q is defined as in Lemma 
4-1 in [T^. Suppose that F^jy = P<kTqj^ = {7g'^^}^i G H|/ is admissible and 
satisfies Tr ^q^-^ ~ 1 • Then, for < ^' < 1 and ^ satisfying p.ip , and for < 
T < To(^) (see p.Sp j. there exists a unique solution £ L'^fH^ of the BBGKY 
hierarchy (^1^ for I = [0,r] such that B^T^ G ^ei'^h Moreover, 

W^ULr^.n < Co{T,^,e)\\rlN\\ni, (4.3) 

and 

(4.4) 

hold. The constant Cp = Cq{T,^,^') is independent of N. 
Furthermore, (T§)^'''> = for all K < k < N, and tel. 
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4.3. From {K, A^)-BBGKY to A-Truncated GP hierarchy. In this section, 
we show that solutions to the {K, iV)-BBGKY hierarchy approach those of the 
i^T- Truncated GP hierarchy as — > oo. 

Proposition 4.3. Suppose that Tq = {7o'^'}^i € is admissible and satisfies 
Tr7^^^ = 1. Let T^^ e {T e L^^^q j,^'H\\BT e iigfcT]"^!} ^^e solution of the GP 
hierarchy p.7p with truncated initial data = P<:k^q constructed in [8], where 
< C < 1 and C satisfy and < T < T„{0 (see dg;. Let T% solve the 

{K,N)-BBGKY hierarchy ((^IB with the same initial data Tq^jv • — 

PkkTo- Let 

K{N)<bi\ogN (4.5) 

as in Lemma \4-.2\ Then, 

^hni^||rr^-r-(-)L.^,^^«.=o (4.6) 

and 

A- ll^-rr^-^r-(-)|U.^,^^^,,.=o. (4.7) 

Proof. In [8], the authors constructed a solution T^"^ of the full GP hierarchy with 
truncated initial data, r(0) = Tq G H^,, satisfying the following: for an arbitrary 
fixed K, satisfies the GP-hierarchy in integral representation, 

r^{t)^u{t)r{^ + t f u{t-s)Br^\s)ds. (4.8) 

Jo 

and, in particular, (r^)('=)(i) ^ for aU k> K. 
Accordingly, we have 

BnT% - sr^ 

= BNU{t)T^^j^ - BU{t)T^ 

+ i [ { BNU{t- s)BnT§ - BU{t - s)BT^ ) {s)ds 
Jq 

= {B^ - B)U{t)Tl^ + BU{t){Tlj, - r^) 

+ {Bn - B)U{t- s)BT'^{s)ds 
Jo 

+ i[ BNU{t-s){BNT§-BT'^){s)ds. (4.9) 
Jo 

Here, we observe that we can apply Lemma ID. 21 with 

e^' BnT% - BT'^ (4.10) 

and 

:= (Sjv - B)U{t)r^,^ + BU{t){Tl^ ~ V^) 

+ i [ {Bn - B)U{t- s)BT'^{s)ds . (4.11) 
Jo 

Given we introduce parameters satisfying 

^ < ec < O^C' < (4-12) 
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where the constant 6 is defined as in p.ip . so that < < rj, where rj is defined as 
in Lemma FD. 2 1 Accordingly, Lemma [0.21 imphes that 



r 2 -T/l 

^te[o.T] 



i,Af 



t)\\L^,,,,^,nl„ + Ri{N) + MN) 



<Co{T,^,e){\\BUit)iT^ 

< c,iT,^,e,e'){\K.N - ro^iiL?,,„,,,«j, + RiiN) + R2iN) 

where we used Lemma A.l in [TU] to pass to the last line. Here, 
and 



te[o,T] 



i?2(iV) 



/ {Bn ~ B)U{t- s)BT^{s)ds 
Jo 



te[o,r] 



Next, wc consider the limit N ^ oo with K{N) as given in ()4.5p 
We have 



lim IIP, 



K{N) _ pK(Ar)| 
0,JV -^0 I 



nl = jyl™^!! ■P</<-(JV) (ro^w - To) 11^1, 



< lim llFo.AT-roll^i 

N—^oo C 

= 0. 



By Lemmas 14.41 and 14.51 below, we have that 



(4.13) 
(4.14) 

(4.15) 



(4.16) 



lim Ri{N) = 

N—^oo 



and 



N 



lim R2iN) = 0. 



Thus (PTTO)) as iV ^ oo, and hence the hmit (|i?7| holds. To prove we 
observe that 



r^^'^)(i)-r^W(i) 

= [/(0 (r^(^)(o)-r^^W(o) 

and hence, for < < < T, 



U{t-s) [Bj,tT\s)^BT^^^Hs)) ds, 



■ N 



(t)-r^^'W(t)||„j 



<||c/(t) fr^^W(o) + r^W(o))||„j 



= ||r^(^'(o) + r^W(o)||„. +tV2||s^r^w - Br'<^^^\\,.^^^^^. 

< \\rT\o) + r^(^)(o)l|„. + T^/^B^rT^ - i?r^(^)|L.^^^^„. (4.i7) 

as iV ^ oo by (|4Jl) . 
Since the last line (|4.17p is independent of t, the result (|4.6p follows. □ 
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Lemma 4.4. Under the same assumptions as in Proposition \4-3\ 



lim 

JV-i-oo 



(i?^-S)C/(t)<r (4.18) 



Proof. We recall that for g : M" — > C of the form g{x) — f{x, x) for some Schwartz 
class fuction / : K" x M" ^ C, one has 



?(0= j fi^-V,v)dv- (4.19) 

We note that the Fourier transform of (^U^''^^\t)jQ''~^^''^ (xk+i^ with respect 

to the variables (i, aifc+i, aij^^i) is given by 

Recall that i?+;™,7iC/(0(7f^'^) 

is given by 

VAr(.Ti - Xk+lWj!^'^^\t,Xi, ...,Xk,Xk+i;x[, ...,x'^,,Xk+l)dXk+l 

and hence its Fourier transform with respect to the variables (t,Xfe,Xfe) is given by 
Vn{ui) {Fj'}^'^^^){t, ui, Ufc, Xk+i;u[, u'^,Xk+i)dxk+i 
e^"''+^'^VN{ri){F-/'}^^^^){T, ui - rj, U2, Uk, Xk+i;u[, u'^., Xk+i) dr]dxk+i 
yN{'n)lN^^\'^^'^i - V,U2, ■■■,Uk:r] - v,u[, ...,u'k,v) diy drj (by (|4.19p ) 
VN{ri + iy)^'j^'^^\T,ui -Tj- v,U2, ...,Uk,ri;u[, ...,u'f.,v) dv drj 
where we substituted rj ^ t] + v. Thus, the above equals 
VN{uk+i +u'^+i) 

7n^^\t,ui - Uk+i - Ufc+i,U2, ...,Uk,Uk+i;u[, ...,u',,,u'^^-^) du',,_^_^ duk+i 
VN{uk+i +4+i)(5(---) 

7o!jv^^('"i -^ife+i - u'^+-^,U2, ...,Uk,Uk+i]'u!k+i) du'^^^duk+i (4.21) 

where the operator F is the Fourier transform with respect to the variables (t, x^. , Xj.) 
and 

Equation (j4.20p was used to pass to the last line (|4.2ip . Similarly, the Fourier 
transform of B^_^^U{t){'-^'^^^'') with respect to the variables (t,Xfc,x'j,) is given by 
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Thus, 

11(5^:^^1 -^t.+i)^W7^'i^'^lli?H^ 

=// /n("^)'riK)'(/ /(i-i>ArK.+i+4+i))^(-) 

\ 2 

-II /-^(^'^fc'^^)/ /'5(-)(«i-^^fe+i-4+i>'K+i)'K+i)' 

k k 

X{{u,fX{{u'^?\l-V^{uk+l+u'k+^)? 

dwj;^]^ duk+i duf. di/k dr (4.22) 

where 

/ 7 7— T7 ur~' — r2^"fe+i^4+i 

J (Ml - Uk+l - <+i>(Mfe+l>^«.+ l)^ 

and J(t,Uj,,uJ,) is bounded uniformly in T,Uj^,y!f., see Proposition 2.1 of [30] . 

Let (5 satisfy < (5 < /3. Recall that Vn{u) = ViN-^^u). The integral (|4:22l) can 
now be separated into the regions | < N^} and | > N^}. 

The portion of the integral (|4.22p over {|ua;+i + < N^} is bounded by 

CyN'^'-^^UTWm (4.23) 
because W{Q) ~ and V G C^, so by Taylor's Theorem, 



sup \l-VN{uk+l+u'k+i)f 

l«fc+l+<+ll<w' 

sup \l-V{N-P{uk+i+u',^M' 
< sup CviN-^{uk+i+u'^+i))^ 



where Cy is the L°° norm of the second derivative of V. 
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The portion of the integral (|4.22p over + u'j. , ^| > N^} is bounded by 



J\uk+i\>N^ J 
k k 

U(fe+1)/ / / X ^ 

(iufc+i duj^ du'i. dr (4.24) 

= CW^'^\\1.. (4.25) 



We are now ready to bound the desired qauntity (|4.18p in the statement of the 
lemma. 

Let nk,N = {\uk+i + < N^}- Then, 



— >0 as Af— >oo by Proposition A. 2 in 1101 

< EEr)'=ii(i?sri -^.>+i)^^'^'^w^f^'^ii^?»^^ 

k=l 

<f:HaHe/miBp.:;];Ti-Kk+i)u^'^'Hth^^^^^ 

k=l 



+ E(C0'=ll(i?^:7;ri - 5iVi)C^^''-'Ht)7^'i^^^llL?,,«^(a^.„) 
fc=l 

< (supfc(r (cv(i+iiyiioo)E(?')'^'^'-''^ii7o:iv'ik^ +E(c')'«.-.^^ 

(4.26) 



where (|4.23p and (|4.25p were used to pass to the last line (|4.26p . 
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Now, for {k, N) xN, we define 



O-k.N 



J{r,Uk^li'k) / / Si...){ui - Uk+i - <+i)2(iife+i)2(i4^j)2 

J\uk+i\>N^ J 

n(%r riKra+riioof 

j=2 j' = l 

du'i._^_i duk+i du/. du'i^ dr, (4.27) 



and observe that ak,N = afc,Ar (as defined in (j4.24p ). for k < N, because ~ 
for k < N. Thus we have that 



6261) < ( supkiC/er 



(k) 



k=l 



< 



J2(a'cik,N 

oo 



k=l 



N 

(4.28) 



It follows from the definition ()4.27p of that J^'kLiiO'' (^k,N < C||ro||-Hi, and 
that, for fixed k, ak,N \ monotonically a.s N oo. This is because jy is an in- 
tegral where the integrand is independent of N and the region of integration shrinks 
as A'' grows. Thus, by the monotone convergence theorem, X]fe°=i(f')'^'^fc,JV \ as 
TV ^ oo. Therefore ^ as iV ^ oo. □ 

Lemma 4.5. Under the same assumptions as in Proposition \4-3\ 



lim 

JV— >oo 



/ {Bn - B)U{t- s)Br^{s)ds 
Jo 



= 0. 



Proof. We have that 



[ {Bn - B)U{t~ s)BT^^{s)ds 
Jo 

< I \\{BN-B)U[t-s)BT'^[s)\\^, 1 
Jo «" 



ds. 



By the same arguments as in the proof of Lcmma l4.4l above. the integral above goes 
to zero as — > oo provided that \\U{t — s)BT^ {s)\\i^2^^i^i is uniformly bounded 

in N . See [8j for a proof of the boundedness of \\U{t — s)i3r^(s)||^2^^-j^i . □ 

4.4. Control of F^v and as — > oo. To begin with, we prove the following 
main estimate for solutions to the TV-body Schrodinger equation. 
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Lemma 4.6. Suppose that (f> solves the N-body Schrddinger equation (|2.ip with 
< /? < 1 and \\4>\\l^ = 1- Then (p satisfies 



1 



Proof. We first recall the following elementary bound. Suppose that y 
satisifes 

dy 



dt 



< ay + b 
y(o) = yo 



for constants a, b, yo > 0. Then 



2/W<J/oe'^* + -(e'^*-l) 
a 

follows immediately. 

Since (j) solves the A^-body Schrodinger equation p.ip . we have 

<2||i?W0|U2||[i?W,M^^,fc]</)|U2, 



where 



N 



l<i<k<j<N l<i<j<k 

is the part of Hn that doesn't commute with i?''^' . On the other hand, 

dt\\R^'^U\\l,=2\\R^''U\\L^dt\\R^>^U\\L^- 
Combining (j4?30| and (|43T|) and dividing by \\R'-''^(I)\\l^ yields 

dtWR^^L- < il [i^^w^iv,fc]0ll2 
1 



< 



l<i<A;<j<Af 



< c 



l<i<j<fc 



L2 



2P 



(4.29) 



(4.30) 



(4.31) 



(4.32) 



(4.33) 



< 3Cfc^iV'*'^||0||L2 +2Cfc^Ar'*^~^||i?(''^ 



where Lemma fCll Lemma rC.21 and the definition Vm{x) := N'^^ V{N^x) were used 
to pass from (|4.32p to (|4.33p above. It now follows from (|4.29p and the inequality 

< /? < 1 that 



||i?W0(i)|U2 < ||i?W<^(0)|U.e2'^'='^''"* + ^(e2C'fc= 



□ 



POSITIVE SEMIDEFINITENESS AND GWP OF THE GP HIERARCHY 



21 



Corollary 4.7. Suppose T > 0, bi > 0, and < /3 < 1/4. Then, for N sufficiently 
large, under the same assumptions as in Lemma \4.6\ we have 

for all k < bilogN. 

Proof. Use Lemma and the fact that (e^ — 1) < 2x for < .t < 1. □ 

Proposition 4.8. Suppose that hi > bo > 0, bilog{N) > K{N) > bo\og{N), and 
that ^ > satisfies 



where 



The 



N 



e<77mm<iie-4^/^«,e-i2^/''« 



lim \\BnT^^^^ - P<K{N)-iBN'i^N\\L^^^M =0. 



(4.34) 
(4.35) 



Proof. From Lemma 6.1 in |10| . we have that 

WBmT^-Pk-iBnTnWl^^^^^. < CiT,Oiv''0''mBNTNY''^\\L^-^^m (4.36) 

holds for a finite constant C{T, ^) independent of K, N. 
It fohows immediately from the definition of Vn that 



Thus we have that 
\\iBl,nn\h.^ 





oo K » 


k 


J 


EE/ 











VNixi - XK+l) 



(<,x7v)0i (t^^^K^^K+i, ■ ■ ■,xn) dxK+1 ... da; 



N 



< 



J2 X,XrCT{\\VM\U + \\^\\h)K'sup[\\R^'^''U\^^^^ 



3,j' = i 



CTN^PK^snp(TiiS^''^'h'}^^)Y . 



(4.37) 



Since Tr|S''^7^^(0)| < and 7]v''''(0) is positive semidefinite, we have that 

oo 

7^^(0,a;,x') = ^ Aj0j(x-)0j(a;'), 
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where (fij are orthonormal in L^, and Xj > satisfy X^j^i ~ Evolving with 
the BBGKY hierarchy and applying Corollarv 14.71 vields 

< ^ Aj2(4||i?Vj(0)||i2 + 36A:^iV«''t2) 

= 8(Tr(5('='i)7^'^) + 36fc4iV«^i2) 

<2{C'' + 36k'^N^'^f). (4.38) 
Combining ([Oe)) . (|437l) . and (|438)) yields 

ll-Bwr^ - -P<K-i-BArr^||i2^^^i 

< C(T,C)(rr^e)''i^ll(SivrA.)(^)|L.^^^i by S 

< C(T,e)(r;-iO'^^^'CTi/27V4^X supTr(5(^'i)7^'^^(t)) by 

tei 

< CiT, Oiir^i)'^ KCT^/^N^f^ K{C^ + 36A"*iV*^'^r2) ^y (lOSl) 

< C{T, ^){jr^^)^K^N'^^{C^ + ■MK'^N^^) 
-> as oo 

because K{N) > bo \og{N) and ^ satisfies ([Qi]) . □ 

4.5. Proof of Theorem 13.21 We are now ready to prove Theorem 13.21 Recall 
that local existence and uniqueness of T follows from [7] and Proposition IB. 31 so 
all that remains is to prove positive semidefiniteness of T. 

To this end, we recall again the solution of the GP hierarchy with truncated 
initial data, T^{t = 0) = P<k^o G In [8], the authors proved the existence of 
a solution that satisfies the i^-truncated GP-hierarchy in integral form, 

T^{t) = U{t)T^{0) + t f U{t- s)BV^{s)ds (4.39) 

where {V^)'^^\t) ~ for all k > K. Moreover, it is shown in [8] that this solution 

satisfies BV^ e L'^ei'^h ""^^^'^ ^ t^''^]' 

Additionally, the following convergence was proved in [8]: 

(a) The limit 



exists in Lf^Hj. 
(b) The Hmit 



r := lim (4.40) 

K^oo 



e := lim BF^ (4.41) 



exists in L^H^, and in particular, 

e = BT. (4.42) 
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(c) The limit F in equation (|4.40[l satisfies the fuU GP hierarchy with initial 
data To- 
Clearly, we have that 

\\BT - BNP<K{N)^N\\L^^^jnl 

<||Br-Sr^WL.^^„. (4.43) 
+ \\Br'<^^^-B^TT^\\,.^^^. {AAA) 

+ llSr^^^^ - BnP<k(N)Tn\\l-^^hI (4.45) 
-> as iV -> oo by 

In the limit oo, we have that (|443)) -> from (|OT1) and (|442l) . By 

Proposition 14. 3[ (|4.44p -> 0. (|4.45p -> follows from Proposition 14.81 This is 
because Fq G Sy^^, and hence (j4.35p holds. Therefore, 



Moreover, we have that 

\\P<K{N)^N - r||i=«^^i 

< \\P<KiN)TN - r^^^^L^c.^^! (4.46) 

+ lir^'<^'-rL^c.^„i (4.47) 

+ ||r^^W-r^W|,.^„. (4.48) 

By the Duhamel formula, and applying the Cauchy-Schwarz inequality in time, 
we have 

dSi = II j U{t- s)Bn{P<k(n)Tn - Tf''\s)ds\\L^^^^. 



— > as — > DO by Proposition |4j 

(|iT7)) ^ as ^ oo by (g^Hl). Finally, ^ as iV ^ oo follows from 

proposition 14.31 Thus 

lim ||P<K(Ar)FAr-F||roo „i =0, 

and hence limTv^oo IIt^'' ^^^''^iLf^jH^ — for each fc e N. Positive semidefiniteness 

of 7^'^-' now follows from positive semidefiniteness of which was proved in 

Proposition 23] This completes the proof of Theorem 13.21 □ 
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5. Induction Argument 

We arc now ready to prove Theorem 13.11 using energy conservation and an in- 
duction argument. We recall that, for / CM, 

= {r e C{i.H^) I s+r, b-t e lUi^h^)}. 

Theorem 5.1. Suppose that Tq = {7o''^}fc^i ^ positive semidefinite, is 

admissible, and satisfies Tr7Q^'' ~ 1. Then, for < ^' < 1 and satisfying ()3.ip . 
there is a unique global solution T G W^^ (M) to the cubic defocusing GP hierarchy 
(j2.7p in M"^ with initial data Tq. Moreover, Tit) is positive semidefinite and satisfies 

for all t e R. 

Proof Let Ij be the time interval [jT, {j + 1)T], where < T < To(^i) (see ([33]) ) 
and ^,^1 satisfy p.ip . By [7] and Proposition IB. 3| we have that there is a unique 
solution r to the GP hierarchy in yV|(/o). Moreover, by Theorem 13. 2 [ where 
we used a truncation and limiting procedure, F is positive semidefinite on Iq. It 
follows as in the proof of Theorem 7.2 in [9] that the higher order energy functionals 
(ii:('"')r(t), which are defined in equation (|2.26p . are conserved on Iq. Thus, as in 
inequality (7.18) in [9], we have that on Iq, 

l|r(t)||«i < ||r(t)||,,. (5.1) 

meN 

< 5](20"(i^('"))r„ (5.3) 

rneN 



< llrollfli,. (5.4) 

Note that positive semidefiniteness of F is needed to pass from (|5.ip to (|5.2p because 
the definition of ||F(t)||j^i involves taking absolute values, but the definition of 

(i^^™')r(i) does not. 

Therefore F(T) G i^^, and so by ^ and Proposition lB.3| there is a unique solution 
F G yV|^(/i) of the GP hierarchy with initial data F(T). By another application 
of Theorem 13. 21 and energy conservation (|5.1|) ~ ()5.4|) . F is positive semidefinite on 
/i and F(2T) G Sj^. Thus, we can repeat the argument and find that we have a 
unique solution F G yV|^(R). Moreover, 

wmwni^ < wmwni < iiroiif,^, 

for ah teR. a 
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Appendix A. Conservation of Admissibility for the GP Hierarchy 

In this part of the appendix, we prove that the GP hierarchy conserves admisi- 
bihty. This resuh has been used in many papers, but we have not found an expheit 
proof. For the convenience of the reader, we present it here. 

Proposition A.l. Suppose that Tq = {7o'°''}^x € is admissible and satisfies 

Tr7g'''' = 1 for all fc G N. Then, for < ^' < 1 and ^ satisfying p.ip . the unique 
solution r G yV|(/) to the GP hierarchy obtained in [7] is admissible for all t E I, 
provided that A := {AC^)}^^ G W^il), where 



A^''\t,Xk;x!k):^~-f^''Ht,Xk;x'^:) + J -f^''+'^\t,Xk,Xk+i;x'k,Xk+i)dxk+i. (A.l) 
Proof We first note that for / G 5(M" x M"), we have 

{{A^,-A,,)f){x,x)dx = 0. (A.2) 

Indeed, this follows from 

y ((A,, - A,,)f){x,x)dx 

S{xi - X2){Ar,^ - Ao,^)f{xi,X2)dxi dx2 

S{xi - X2)e"'l"^+"'^"^((W2)'/(W1, "2) - ulf{ui,U2)) dui du2 dxi dX2 
e'-^(.^^+'--}((u2ff{ui,U2)-uif{ui,U2))duidu2 dxi 
S{ui +U2)((m2)^/(ui,U2) - u\f{ui,U2))duidu2 

{u\ - u\)f{ui,~ui) dui 



0, 



which imphes (jA.2p . 

Next, we note that the definition of admissibility implies that 7'-'°'' is admissible 
at time t if and only if 



A^''Ht,Xk,x'k) = 0. 
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Since F satisfies the GP hierarchy, we have that 

idtA'^^\xr,x^) 

= (A,,-A.,)7(i)(xi;xl) 

7^^) {xi , xi ; , xi ) - 7^^) {xi , x[ ; x[ , x[) 



Kq 



((-A,^ + A,.)7(2)j (xi,X2;x[,X2) 

+ Ko'-f'^^\xi,X2,Xi;x[,X2,Xi) 

- Koj'^^\xi,X2,x[;x[,X2,x[) 

+ Koj''^\xi,X2,X2;x[,X2,X2) 



(A.3) 
(A.4) 

(A.5) 



- Ko7^ ^(xi,X2,X2;a;i,a;2,X2) 

= / (A^;^ - Ax'^)'-f^'^\xi,x2;x[,X2)dx2 
-(A,, -A,,)v4(i)(xi;x;) 



dX2 



7*^^' (xi , xi , a;2 ; x'l , xi , X2) - 7^^^ (xi , x'l , X2 ; xi , xi , X2 ) 



(3)/ 



+ kqA^^\xi,xi-x[,xi) - KoA^^\xi,x[; x[ , x[ ) 
((-A,, + A,.j7(2) j (xi,x2;x'i,X2) 

+ Koj'^^\xi,X2,Xi;x[,X2,Xi) 



(A.6) 

dx2 
(A.7) 

(A.8) 



Ko7^^^ (xi , X2 , x'l ; xi , X2, xi) 



dX2 



-(A,, -A,-)A«(xi;xi), 

+ Ko^^^^ (xi , xi ; xi , xi ) - Kov4^^^ (xi , xi ; xi , xi ) 



(A.9) 



where (|A.1[) was used to pass from (|A.3p to (|A.6p and from <\AA\ to (|A.7p . Moreover, 
(|A.2[) and density of 5 in iJ^ was used to pass from (jA.Sp to (|A.8[) . Symmetry of 
7^=) was used to pass to (jA.9p . 

Observe that (|A.9p is precisely the right hand side of the first equation in the 
GP hierarchy. Thus A''^\ and similarly A'^'^^ for k > 1, satisfies the GP hierarchy. 
A(0) = 0, so by uniquenss of solutions to the GP hierarchy [7|, A = 0. □ 

Appendix B. Continuity of Solutions to the GP Hierarchy 

In [7] , it is shown that there is a unique soution T to the GP hierarchy (|2.7p in 
{r e i^[o T]^? I B^^i B^T G i(g[o T]^c }■ ^^i^ P^'^^ ^^"^ appendix, we show 
that this solution F is an element of C{[Q,T],H^). 

Lemma B.l. If 'y'-'''> e L^^j^dfc ^ ^dk-^^ ^f^^^ 

lim II (c/(^)(t) - C/W(0)) 7('1l^(e-xb-) = 0. 
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Proof. We recall that U^''\t) = e '^^'^+'^4^ Since -A^^^ + A^-^ is a self-adjoint 
operator, we have from theorem VIII. 7 in [33] that U'^'^^t) is a strongly continuous 
one-parameter unitary group, and the lemma follows. □ 



Lemma B.2. IfTe JifiR'^'' x W""), then 



lim||(C/(t)-C/(0))r|l„. =0. 
t— >o - 



Proof. 



uu{t)^umT\ 



L2 



k=l 

-> as t -> 



by Lemma [B. 11 the fact that \\U^^\t)\\L-2_^i^-2 < 1, and the dominated convergence 
theorem for series. □ 



Proposition B.3. The solution T to the GP hierarchy constructed in [7j lies in 

c([o,r],Hi). 



Proof. As proven in [7], the solution F satisfies 



BY e L^t€[o,T]'^h 

r(t) = U{t)To + iKo I U{t - s)BT{s) ds. 
Jo 



(B.l) 
(B.2) 

(B.3) 



Thus, in "H^, wc have that 



lim 



Tit + h) - T{t) 



lim 



t+h 



U{t + h)To + iKo / U{t + h- s)BT{s) ds 
Jo 

- U{t)To - iKo f U{t - s)BT{s) ds 
Jo 



lim U(h)ro 

h^O 



+ lim {U{h) - U{0)) iKQ / U{t - s)Sr(s) ds 



/i->0 



(B.4) 
(B.5) 



rt+h 

lim iKo / U{t + h- s)BT{s)ds. 

h^O 



(B.6) 
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By Lemma ESI ([R4| = 0. By (IbTT]) and ([R3|) . [*] G so it follows from Lemma 
El] that (EH) = 0. Now 



ft+h 

J U{t + h - s)Br{s)ds 



■HI 



< 



t+h 



\\U{t + h- s)BT{s)\\^i ds 



< Vh\\U{t + h- s)BT{s 

= Vh\\BT{s)\\i^- 
^ as /n- 



r 2 -1/1 



'171 

e[t,t+fi] "-5 



by dEl]), so (EH) = 



□ 



Appendix C. Commutator estimates 
In this section, we present two commutator estimates used in Subsection 14.41 

Lemma C.l. Suppose f e L'^{W'' x M") and V such that W G ^^(K"). Then, 



II Wl^A,,V{x~y)]f{x,y)\\Li^ < ||Vy|Ui(R„)||/|U2(R„>,K„) 



Proof. Let R{£.) = Vl+W for ? e K"- Then, 

|Vi?(0| < 1 and 
i?(0<l + l^l- 

are clearly satisfied. 
Consequently, 



(C.l) 
(C.2) 



iW{l~A,),V{x-y)]f{x,y)n^,r,) 



= {^il-A,)V{x - y)f{x, y) - V{x - y)^ {1 - A.,)f{x, y)^^, r,) 
= RmV{x - y)f{x, y)r ~ {V{x - y)^ * {RfT 



6{v + y.)V{p){R{i) - R{i - -fi,rj- v) dfi dv 

It now follows from (jC.ip . Minkowski's inequality, and Young's inequality that 



||[v/l-A„T/(x-y)]/(x,2/)|U.^ 

< II J \tl\V{fl)f{^~fl,Tl + fl)dfi\\L2 ^ 

< II / l/^|V^(AOII./(e-A^^ + M)llL=dMllL| 

<l|w|Ui||/IU., 



as claimed. 



□ 
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Lemma C.2. Suppose f G i/i(R" x M") and V such that \V\"'V G ^^(M") for 
m = 1,2. Then 



II [v/l-A,yr^, F(x - y)] fix, y)hi^ 
<ll|V|F|U.|||V,|/|U^ + |||VPF|Ui||/|U. 



II |v|y|U.||/|U. + |||v|y|Ui||yT^/|| 



L2. 



Proof Let R{() = y^TTW- Then it follows from (fCll) and ([C^]) that 
|i?(e)i?(ry)-i?(e-A^)i?(r/-i^)| 

= |(i?(0 - - /^))i?('7) + - t^){R{v) - Riv - '^))\ 

< |M|(|??| + l) + i?(e-M)l^^l 

< |/.|(h-z.| + |j.| + l) + i?(C-//)|i^| 

= |Ai|h-i^| + |A^||i^| + |A*|+i?(e-M)l^^l- 

We have 

([Vl-A.yi^, V{x - y)]f{x, y)) ^ (C, 77) 

= RiORivWix - y)f{x, y)n^, rj) - (Vix ~ y) * (VT^.VT^fix, 7?) 

+ fi)V{^,){R{OR{v) - R{^ - t^)R{v - ^))7(e -pi,V-'^)dfi dv. 
It now follows from Minkowski's inequality and Young's inequality that 
II [v/l-A.yi^, V{x - y)||i._^ 



< 



5{v + ^l)v{^l){\^i\\r^^v\ 



R{^-^iM) 



< 



v{^,){M7J + ^A + \^A^ + \^i\ + R{i-^^M) 



Li 



< 



v{fx){Mv + fA + \t^\^ + \t^\ + R{i-M) 



||/($-m,?; + m)IU2 
<lllv|y||Li|||v,|/|U. + |||vin^lU.||/IU. 



+ II ivi i^iili||/iil^ + II ivi i/|Ui|iyr^/iu2. □ 

Appendix D. Iterated Duhamel formula and boardgame argument 

In this part of the appendix, we recall a technical result from |10j that is used 
in parts of this paper. It corresponds to Lemma B.3 in [TO] . 
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Let S = (S('^))„gN denote a sequence of functions S^'^^ G ^te[o t]^^(^^'' ^ I*^'^), 
for r > 0. Then, we define the associated sequence Duhj(S) of j-th level iterated 
Duhamel terms based on 5]^°*" (see Section [2?2] for notations), with components 
given by 

Duh,(S)('=)(t) (D.l) 



Jj- / j-i TDmain i(t — ti)A\ ryrnain A(ti—t2) 

dti - ■■ / dtjUj^.^^-^e ± i!Ar;A;+2e 



AV 



B'S'^il^ g»fe-i-t,)Aft"+^' ^ 2 -)(/c+j) ^^^^ ^ 

with the conventions •= ^7 3'iid 

Duho(S)('=)(t) := (S )(*=)(*) (D.2) 
for J = 0. Using the boardgame estimates of [50]: one obtains: 
Lemma D.l. For S = (S^'^))^^^ as above, 

||Duh,(S)('=)(t)||i2^^^i(R3.xK3.) (D.3) 

< kCg (C0r)2 ||S^''+-'^|1^2^^^1(R3(fc + 3)xR3(f=+j)) , 

where the constants Cq^Cq depend only on d,p. 

Lemma ID. II is used for the proof of the next result (by suitably exploiting the 
splitting Bn = _B™°™ + Bf^^°^), which corresponds to Lemma B.3 in |10j . 

Lemma D.2. Let 6' > be defined by 

Assume that N is sufficiently large that the condition 

K < -i— logiV, (D.5) 

log Go 

holds, where the constant Cq is as in Lemma \D.l[ 
Assume that E§ G L^tei'^l' 

some < ^' < 1, and that ^ is small enough that 

< ^ < 77^', with 

rj < (max{l,Co})^^ (D.6) 
Let e% and satisfy the integral equation 

Q^{t) ^ E%{t) + i [ BNU{t~ s) e^is)ds (D.7) 
Jo 

The superscript "K" in and means that only the first K components are 

main i Der7 
AT + 



nonzero, and Bm = 5]^"" + B'^''™'' 



Then, the estimate 

lie 

holds for a finite constant Ci{T, ^, ^') > independent of K, N . 



®n\\l^,,,uI < Ci(r,e,e')l|S^llL?,,wJ, (D.8) 
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